We investigate lifting, i.e., the process of taking a valid inequality for a polyhedron and extending it to a valid inequality in a higher dimensional space. Lifting is usually applied sequentially, that is, variables in a set are lifted one after the other. This may be computationally unattractive since it involves the solution of an optimization problem to compute a lifting coe cient for each variable. To relieve this computational burden, we study sequence independent lifting, which only involves the solution of one optimization problem. We show that if a certain lifting function is superadditive, then the lifting coe cients are independent of the lifting sequence. We introduce the idea of valid superadditive lifting functions to obtain good aproximations to maximum lifting. We apply these results to strengthen Balas' lifting theorem for cover inequalities and to produce lifted ow cover inequalities for a single node ow problem.
Introduction
This paper investigates a general principle, called lifting, i.e., the process of constructing, from a given valid inequality, a valid inequality in a higher dimensional space. The idea of lifting was introduced by Gomory 1969] in the context of the group problem. Its computational possibilities were emphasized in Padberg 1973] , and the approach was generalized by Wolsey 1976] , Zemel 1978] , and Balas and Zemel 1978] .
Lifting is usually applied sequentially; variables in a set are lifted one after the other. The resulting inequality depends on the order in which the variables are lifted. A better 2 Lifting Consider the set of feasible points for a mixed 0-1 integer program given by X = fx 2 R jNj + : X j2N a j x j d; X j2C k w j x j r k ; k = 0; : : :; t;
x j 2 f0; 1g; j 2 I Ng: Here fC k : k = 0; :::; tg is a partition of N, a j ; j 2 N, and d are m 1 and w j ; j 2 N, and r k are m k 1. We assume that a j ; d, and r k , but not necessarily w j , are nonnegative.
Initially, we consider the subset of X with x j = 0 for j 2 N n C 0 given by X 
To construct such an inequality, we start with (1) and lift the variables in N n C 0 . Without loss of generality, we assume that the sets of variables C 1 ; : : :; C t are lifted sequentially in that order and that the variables within the sets C 1 ; : : :; C t are x j 2 f0; 1g; j 2 I \ ( i k=0 C k )g: Note that if we extend X i to X by setting x j = 0 for j 2 t k=i+1 C k , then X i?1 X i for i = 1; :::; t and X t = X. Note that (6) is always feasible since x = 0 is a feasible point. However, (5) may be infeasible, in which case we set h i (z) = ?1. Proposition 1 Inequality (4) is valid for X i for any choice of j for j 2 C i such that h i (z) f i (z) for all z 2 Z.
Proof. The proposition is an immediate consequence of the de nition of h i (z) and : : :; x jC i j are linearly independent, we say that the lifting is maximal.
Theorem 1 If conv(X i?1 ) and conv(X i ) are full dimensional, (3) de nes a facet of conv(X i?1 ) and 0 6 = 0, then (4) de nes a facet of conv(X i ) if and only if the lifting is maximal.
Proof. For notational convenience, let x 2 X i be denoted by x = (y; w), where y refers to the variables in 0 k<i C k and w refers to the variables in C i . Since (3) de nes a facet of conv(X i?1 ), there are p = P 0 k<i jC k j points y 1 ; : : : y p 2 X i?1 which satisfy (3) at equality and are a nely independent. Let x j = ( y j ; 0) for j = 1; :::; p, then x j 2 X i and x j satis es (4) at equality for j = 1; :::; p. Let ; : : :; x p satisfying (4) at equality. Hence (4) de nes a facet of conv(X i ). Now suppose that (4) de nes a facet of conv(X i ). Since 0 6 = 0, any set of a nely independent points satisfying (3) or (4) at equality are linearly independent. Hence, there are r = p + q linearly independent points x 1 ; : : :; x r 2 X i satisfying (4) at equality. Proof. This is an immediate consequence of the de nition of f i for i = 1; :::; t. 2 Proposition 4 If x is an optimal solution to (6) and u l = P l k<i P j2C k a j x j , then f i (z) f l (z + u l ) ? f l (u l ) for l = 1; :::; i ? 1. Proof. First, we show that f l (u l ) We have g(z 2 ) (h 2 + 1)l and v h 1 +h 2 +1 = 0, since v h 1 +h 2 +1 v h 1 +1 = 0. Therefore
Consequently, g(z 1 + z 2 ) (h 1 + h 2 + 1)l, which implies g(z 1 ) + g(z 2 ) ? g(z 1 + z 2 ) h 1 l + (h 2 + 1)l ? (h 1 + h 2 + 1)l = 0. Case 3.2: v h 1 +1 > 0.
We have g(M h 1 ) = h 1 l and, since g is nondecreasing, g(z 1 + z 2 ) g(M h 1 + z 2 ). Hence g(z 1 ) + g(z 2 ) ? g(z 1 + z 2 ) = h 1 l + g(z 2 ) ? g(z 1 + z 2 ) g(M h 1 ) + g(z 2 ) ? g(M h 1 + z 2 ) 0;
since z 1 = M h 1 and M h 2 + u h 2 +1 < z 2 M h 2 +1 falls under Case 1. 2
Lifting
We now develop the concept of sequence independent lifting and its relation to superadditive functions. Wolsey 1977] developed a similar theory for 0-1 integer programs. Among other things, our results extend Wolsey's to mixed 0-1 integer programs with nonnegative coe cients.
De nition. The lifting function f with respect to valid inequality (1) for X 0 is de ned to be f(z) = f 1 (z) for all z 2 Z.
Note that if f(z) = f i (z) for z 2 Z and i = 2; :::; t, then the lifting coe cients in a sequential lifting of the elements of C 1 ; C 2 ; : : :; C t are independent of the ordering of the set fC 1 ; C 2 ; : : :; C t g.
De nition. If f(z) = f i (z) for z 2 Z and i = 2; :::; t, the lifting is said to be sequence independent.
Now we give a su cient condition for sequence independent lifting.
Theorem 2 If f is superadditive on Z, then lifting is sequence independent. Proof. Let z 2 Z, x 0 be an optimal solution to (6) 
Consequently, Proof. By hypothesis g(z) f 1 (z) for z 2 Z. As an induction hypothesis suppose g(z) f i?1 (z) for z 2 Z. We will prove that g(z) f i (z) for z 2 Z. Hence h t (z) g(z) f t (z) for z 2 Z and the result follows. Proof. To prove validity, we show (z) f t (z) for all z 2 Z. Let z 2 Z, x 0 be an optimal solution to (6) with i = t, and u 0 = A desirable property is that g should not be dominated by another superadditive valid lifting function g 0 , i.e., there is no superadditive g 0 with g(z) g 0 (z) for all z 2 Z and g(z 0 ) < g 0 (z 0 ) for some z 0 2 Z. Another interesting property is maximality. Let E = fz 2 Z : f i (z) = f(z) for i = 1; :::; tg. We say that g is a maximal superadditive valid lifting function if g(z) = f(z) for all z 2 E. Note that if f is superadditive, then E = Z, and that if (z) = f(z), then z 2 E.
We will use the following maximality property in the next section. In the next two sections, we will illustrate the bene ts of sequence independent lifting for two speci c polytopes and valid inequalities.
Lifted knapsack cover inequalities
One of the most successful approaches for solving general 0-1 integer programs is a branch-and-cut algorithm based on lifted knapsack cover inequalities. In this section, we study sequence independent lifting of knapsack cover inequalities.
Consider the set of feasible solutions to a 0-1 knapsack problems given by 8) where C is a minimal cover. An LCI is obtained by starting from cover inequality (7) and lifting all variables in N n C sequentially. Let C 1 = fj 1 g; C 2 = fj 2 g; : : :; C t = fj t g be the lifting sequence of all the variables in N n C. x j 2 f0; 1g; j 2 C fj 1 ; : : :; j i?1 g: Observe that h i (z) is feasible only for z 2 f0; a j i g and that h i (0) = 0 and h i (a j i ) = j i . Therefore, to obtain a facet inducing lifted cover inequality for X, the lifting coecient j i has to be equal to f i (a j i ), since it is the unique feasible solution to h i (z) = f i (z). Let Example. Let C = f1; 2; 3; 4g, a 1 = 8, a 2 = 7, a 3 = 6, a 4 = 4, and b = 22. Then ii If h+1 ? < a j < h+1 ? + h , then (a) j 2 h; h + 1] and (b) there is at least one facet of this form with j = h + 1.
We get Balas' theorem by taking h = for all h. Note that with our choice of h , for some portion of the interval in case ii where Balas' theorem gives j 2 h; h + 1], our result gives j = h + 1.
Example (continued). In Figure 3 , we compare the intervals given by Balas' theorem and Theorem 6 for the instance de ned in the previous example.
By Theorem 3,
g(a j )x j jCj ? 1
is a valid inequality for conv(X) for any superadditive valid lifting function g. Although (9) does not necessarily de ne a facet, it may do so. In fact, it may induce a facet that cannot be obtained by sequential lifting. Suppose the complete knapsack inequality was given by 8x 1 + 7x 2 + 6x 3 + 4x 4 + 6x 5 + 6x 6 + 6x 7 22:
If we use the superadditive valid lifting function g de ned above, then we get 5 = 6 = 7 = 0:5 and we obtain the lifted cover inequality x 1 + x 2 + x 3 + x 4 + 0:5x 5 + 0:5x 6 + 0:5x 7 3:
It is easy to see that this inequality cannot be obtained by sequential lifting of a cover inequality and that it de nes a facet of the 0-1 knapsack polytope.
Lifted ow cover inequalities
One of the most successful approaches for solving general mixed 0-1 integer programs is a branch-and-cut algorithm based on lifted ow cover inequalities. In this section, we study sequence independent lifting of ow cover inequalities. To the best of our knowledge only Pochet 1993] has investigated lifting of ow covers. Although he did not see a link with superadditive functions, his unpublished paper contains a theorem that is very close to the main result of this section (Theorem 9). Lifting of ow covers is considerably more di cult than lifting of knapsack covers since it requires simultaneous lifting of variable pairs and the lifting functions involved are much more complicated. ), see Nemhauser and Wolsey 1988 ].
Since we have x j m j y j , we lift variable pairs (x j ; y j ) for j 2 N n S instead of single variables. Suppose the lifting sequence is (x s+1 ; y s+1 ); (x s+2 ; y s+2 ); : : :; (x n ; y n ). Let C 1 = fs + 1g; C 2 = fs + 2g; : : :; C n?s = fng be the index sets de ning the variable pairs being lifted. . Given this observation, we have that for z = 0 an optimal solution is given by x 1 = y 1 = 0, and x j = m j , y j = 1 for j 2 S n f1g, which gives f(0) = 0. Moreover, this solution is feasible for z m 1 ? so that f(z) = 0 for 0 z m 1 ? . Now, as z increases, we can maintain optimality by appropriately reducing variables x j in the order x 2 ; :::; x s . In particular, we rst reduce x 2 and f increases by x 2 until x 2 = m 2 ? so that f(m 1 ) = . At this point, we set x 2 = y 2 = 0 so that f(z) 
Extensions
The nonnegativity assumptions of the coe cients a j ; d, and r k , and the assumption of nonnegative variables in the mixed 0-1 integer program were made for simplicity. In particular, these assumptions allow us to de ne the domain Z = 0; d] and then it su ces to prove superadditivity over this domain. Without these assumptions, it is di cult in general to restrict the domain over which superadditivity must be proved. However, a nite domain can be de ned so long as the variables are bounded. Note that it may be important to identify a suitably small domain so that minimal requirements are placed on the superadditive valid lifting function. In Gu, Nemhauser, and Savelsbergh 1996], we consider a family of mixed 0-1 integer programs where the coe cients a j are both positive and negative.
